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In this paper, we study the rotational wormhole and scalar perturbation under the spacetime.
We found the Schro¨dinger like equation and consider the asymptotic solutions for the special cases.
I. INTRODUCTION
The wormhole has the structure which is given by two asymptotically flat regions and a bridge connecting two
regions[1]. For the Lorentzian wormhole to be traversable, it requires exotic matter which violates the known energy
conditions. To find the reasonable models, there had been studying on the generalized models of the wormhole with
other matters and/or in various geometries. Among the models, the matter or wave in the wormhole geometry and
its effect such as radiation are very interesting to us. The scalar field could be considered in the wormhole geometry
as the primary and auxiliary effects[2]. Recently, the solution for the electrically charged case was also found [3].
Among the models, the rotating wormhole is very interesting to us, since Kerr black hole is the final stationary
state of most black holes. The Kerr metric has many insights in black hole physics as the general black hole solution
with angular momentum. Likewise, the rotating wormhole is stationary and axially symmetric generalization of the
Morris-Thorne (MT) wormhole. The reason is that it may be the most general extension of MT wormhole. Teo[4]
derived the rotating wormhole model from the generally axially symmetric spacetime and have shown an example
with ergoregion and geodesics able to traverse wormhole without encountering any exotic matter.
Meanwhile, scalar wave solutions in the wormhole geometry[5, 6] was in special wormhole model and the transmission
and reflection coefficients were found. The electromagnetic wave in wormhole geometry is recently discussed[7] along
the method of scalar field case. These wave equations in wormhole geometry draws attention to the research on
radiation and wave.
In the recent paper, we found the general form of the gravitational perturbation of the traversable wormhole[8],
which will be a key to extend the wormhole physics into the problems similar to those relating to gravitational wave of
black holes. The main idea and resultant equation is similar to Regge-Wheeler equation[9] for black hole perturbation.
In this paper, we studied the rotating wormhole and examined a couple of models to see their properties and
geometric structures. We also found the equation of the scalar perturbation for the special example, rigid rotating
wormhole. Here we adopt the geometrical unit, i.e., G = c = h¯ = 1.
FIG. 1: Plot of the cross-sectional schematic of the rotating wormhole throat[4]
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FIG. 2: Ergoregion for the dumbbell-like throat wormhole model. It forms a tube.
II. ROTATING WORMHOLE
The spacetime in which we are interested will be stationary and axially symmetric. The most general stationary
and axisymmetric metric can be written as
ds2 = gttdt
2 + 2gtφdtdφ+ gφφdφ
2 + gijdx
idxj , (2.1)
where the indices i, j = 1, 2. Teo[4] used the freedom to cast the metric into spherical polar coordinates by setting
g22 = gφφ/ sin
2 x2[10] and found the metric of the rotating wormhole as:
ds2 = −N2dt2 + eµdr2 + r2K2dθ2 + r2K2 sin2 θ[dφ2 − Ωdt]2 (2.2)
= −N2dt2 + dr
2
1− b(r)/r + r
2K2dθ2 + r2K2 sin2 θ[dφ2 − Ωdt]2,
where Ω is the angular velocity dφ/dt acquired by a particle that falls freely from infinity to the point (r, θ), and
which gives rise to the well-known dragging of inertial frames or Lense-Thirring effect in general relativity. In general,
N, b,K, ω are functions of both r and θ. K(r, θ) is a positive, nondecreasing function that detemines the “proper
radial distance” R measured at (r, θ) from the origin.
It is regular on the symmetry axis θ = 0, pi and two identical, asymptotically flat regions joined together at throat
r = b. There are no event horizons or curvature singularities. The off-diagonal component of the stress-energy tensor
is Ttφ that is interpreted as the rotation of the matter distribution.
It clearly reduces to the MT metric in the limit of zero rotation and spherical symmetry:
N(r, θ)→ eΛ(r), b(r, θ)→ b(r), K(r, θ)→ 1, ω(r, θ)→ 0. (2.3)
We also require that the metric should be asymptotically flat, in which case
N → 1, b
r
→ 0, K → 1, ω → 0 (2.4)
as r →∞. Thus, r is asymptotically the proper radial distance. In particular, if
Ω =
2a
r3
+O
(
1
r4
)
, (2.5)
then by changing to Cartesian coordinates, it can be checked that a is the total angular momentum of the wormhole.
Afterwards, the source of the rotating wormhole was considered by Bergliaffa and Hibberd[11]. They found the
constraints on the Einstein tensor that arise from the matter used as a source of Einstein’s equation for a generally
axially symmetric and stationary spacetime. The constraints are
G11 −G22 = 0, G12 = 0, G203 = (G00 +G22)(G11 −G33) (2.6)
and
G00 +G33 ≥ 2G03,
(
u0
u3
)2
> 1, (2.7)
where uµ is the four-velocity of the fluid model of the stress-energy tensor.
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FIG. 3: Ergoregion of the rigid rotating wormhole model with constant angular velocity. The dotted region is the wormhole
throat.
FIG. 4: Ergoregion of the rigid rotating wormhole model with Ω = 2a/r3. The dotted region is the wormhole throat. The
ergoregion also forms a tube.
III. EXAMPLES OF ROTATING WORMHOLE
As the first example, Teo[4] took the gravitational potential of rotating wormhole metric to be
N = K = 1 +
(4a cos θ)2
r
, b = 1, ω =
2a
r3
. (3.1)
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Note that a is the angular momentum of the resulting wormhole. Proper radius R = 1+ (4a cos θ)2 is at throat r = 1
and the proper distance is
l = ±[
√
r(r − 1) + ln(√r +√r − 1)]. (3.2)
If the rotation of the wormhole is sufficiently fast, gtt becomes positive in some region outside the throat, indicating
the presence of an ergoregions where particles can no longer remain stationary with respect to infinity. This occurs
when r2 = |2a sin θ| > 1 when |a| > 1/2. The ergoregions does not completely surround the throat, but forms a
“tube” around the equatorial region instead of ergosphere in Kerr metric. The plot is in Figs. 1 and 2 which shows
the cross-section of the throat and the ergoregion.
As the second example, we just think about the rigid rotating wormhole, i.e.,
N = K = 1, b =
b20
r
, Ω = const. (3.3)
such that the metric should be
ds2 = −dt2 + dr
2
1− b(r)
r
+ r2dθ2 + r2 sin2 θ[dφ− Ωdt]2. (3.4)
Without the angular velocity, the spacetime is just the simplest wormhole model used in former papers[2, 3, 12]. Here,
the throat is r = b0 and the shape of the throat is a sphere. In this case, the ergoregion is when r = 1/|Ω sin θ|. When
b0Ω > 1, the ergoregion is cut by throat as in Fig. 3, while the cylinder shape ergoregion cover the whole wormhole
throat, when b0Ω ≤ 1.
When the angular velocity is the same as first example, i.e., Ω = 2a/r3 and when r > b0, the ergoregion is tube
type for large angular momentum as shown in Fig. 4. It is similar to Fig. 2.
IV. PERTURBATION OF THE WORMHOLE
A. Scalar perturbation of non-rotating wormhole
The spacetime metric for static uncharged wormhole is given as
ds2 = −e2Λ(r)dt2 + dr
2
1− b(r)/r + r
2(dθ2 + sin2 θdφ2), (4.1)
where Λ(r) is the lapse function and b(r) is the wormhole shape function. They are assumed to be dependent on r
only for static case.
The wave equation of the minimally coupled massless scalar field is given by
∇µ∇µΦ = 1√−g∂µ(
√−ggµν∂νΦ) = 0. (4.2)
In spherically symmetric space-time, the scalar field can be separated by variables,
Φlm = Ylm(θ, φ)
ul(r, t)
r
, (4.3)
where Ylm(θ, φ) is the spherical harmonics and l is the quantum angular momentum.
If the time dependence of the wave is harmonic as ul(r, t) = uˆl(r, ω)e
−iωt, the equation becomes(
d2
dr2∗
+ ω2 − Vl(r)
)
uˆl(r, ω) = 0, (4.4)
where the potential is
Vl(r) =
L2
r2
e2Λ +
1
r
eΛ
√
1− b
r
∂
∂r
(
eΛ
√
1− b
r
)
= e2Λ
[
l(l + 1)
r2
− b
′r − b
2r3
+
1
r
(
1− b
r
)
Λ′
]
(4.5)
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and the proper distance r∗ has the following relation to r:
∂
∂r∗
= eΛr2
√
1− b
r
∂
∂r
. (4.6)
Here, L2 = l(l + 1) is the square of the angular momentum. It is just the Schro¨dinger equation with energy ω2 and
potential Vl(r). When e
2Λ is finite, Vl approaches zero as r →∞, which means that the solution has the form of the
plane wave uˆl ∼ e±iωr∗ asymptotically.
As the simplest example for this problem, we consider the special case (Λ = 0, b = b20/r) as usual, the potential
should be
Vl =
l(l+ 1)
r2
+
b20
r4
, (4.7)
where the proper distance r∗ is given by
r∗ =
∫
1√
1− b20/r2
dr =
√
r2 − b20. (4.8)
B. Scalar perturbation of rotating wormhole
For the rotating case, we also only think the scalar field case in this paper. By using
√−g = r2K2NL sin θ, where
L2 = 1/(1− b/r), the scalar wave equation becomes
∇µ∇µΦ = 1√−g∂µ(g
µν
√−g∂νΦ) = 0. (4.9)
In this case we try to separate variables with Φ = R(r)Θ(θ)eimφeiωt. Then the wave equation in spacetime of metric
eq. (2.3) becomes
ω2
N2
+
2Ω
N2
ωm−m2
(
1
r2K2 sin2 θ
− Ω
2
N2
)
+
1
r2K2NL
1
R
d
dr
(
r2K2N
L
d
dr
)
R+
1
r2K2NL sin θ
1
Θ
d
dθ
(
NL sin θ
d
dθ
)
Θ = 0.
(4.10)
It is very hard to separate variables, when N,K,L, and Ω are function of r and θ.
To make the problem simple, we adapt the toy model as N = K = 1, b(r) =
b2
0
r
, and Ω(r) such that the metric of
the model spacetime is eq. (3.4)
ds2 = −dt2 + dr
2
1− b(r)
r
+ r2dθ2 + r2 sin θ[dφ2 − Ω(r)dt]2 (4.11)
This is the just the rigid rotation of the simplest model when Ω is constant. This model means that the wormhole
does not change its shape under rotation with angular velocity Ω. In both cases of constant Ω and r-dependent Ω(r),
the wave equation can be simply separated as
1
sin θ
d
dθ
(
sin θ
d
dθ
)
Θ−
(
m2
sin2 θ
− λlm
)
Θ = 0 (4.12)
and
d2u
dr2∗
+ Vl(ω,m, r,Ω)u = 0, (4.13)
where R(r) = u(r)
r
. The proper distance r∗ is defined as
d
dr∗
=
√
1− b(r)
r
d
dr
(4.14)
which is the same as the ron-rotating case[2]. The potential is
Vl = (ω +Ωm)
2 − λlm
r2
− 2b
2
0
r4
. (4.15)
5
The separation constant λlm becomes l(l + 1) in the limit of ω = 0. The solution to Θ(θ) = Sml(θ, 0) that is a
spheroidal wave function in this case becomes the spherical harmonics when ωΩ = 0.
When r →∞ in constant Ω case, the equation becomes
d2u
dr2∗
+ (ω +Ωm)2u ≃ 0 (4.16)
which means
u ∼ e±i(ω+Ωm)r∗ . (4.17)
When Ω = 2a
r3
, the equation in the limit of large r becomes
d2u
dr2∗
+ ω2u ≃ 0 (4.18)
and the solutions are
u ∼ e±iωr∗ . (4.19)
They are same asymptotic solutions as those of non-rotating wormhole.
V. DISCUSSION
We examined the rotating wormhole and found the Schro¨dinger type equation for scalar perturbation in special
model of rotating wormhole. The result will be useful for considering the gravitational wave problem by the wormhole
and exotic matter. Later, we will extend the problem into the gravitational perturbation like the non-rotating case[8]
to see the more realistic situations.
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